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Abstract
In this paper an attempt is made to find four-dimensional analogs of two-
dimensional Quispel, Roberts and Thompson mappings and identified four
distinct cases have been identified. The obtained mappings are measure
preserving. The integrability of the isolated mappings is examined by
constructing a sufficient number of integrals and their symplectic structure
wherever possible.

PACS numbers: 02.30.Ik, 02.30.Jr, 45.20.Jj

1. Introduction

Given a nonlinear ordinary or partial differential equation, particularly the integrable equations,
how to discretize it, preserving integrability, has been one of the topics of interest in recent
years [1, 2, 4, 8, 14, 16–21]. Considerable progress has been made in this direction during
the past 20 years or so and several integrable differential–difference, difference–difference (or
lattice equations) and ordinary difference equations (or mappings) [5, 9–11, 22, 23, 27–29],
including discrete Painlevé equations [7, 8], have been reported. In this paper we confine our
attention to ordinary difference equations (O�E). During the late 1980s, Quispel, Roberts
and Thompson (QRT) [20, 21] reported an 18-parameter integrable mapping in the plane
which can be viewed as a discrete version of a second-order autonomous nonlinear ordinary
differential equation. This path-breaking result has led to the construction of the well-known
discrete Painlevé equations. Systematic efforts to analyze a third-order autonomous ordinary
nonlinear difference equation particularly from the point of view of integrability have been
made by several researchers in recent years [3, 10, 12, 15, 19, 23, 25, 26]. For instance, Iatrou
[12] has identified few third-order integrable difference equations which admit two independent
polynomial integrals. Similarly, Matsukidaira and Takahashi [15] have shown how third-order
integrable difference equations can be generated by a pair of second-order equations. In [26]
we have reported several integrable three-dimensional analogs of QRT mappings. We mention
here that one of the authors of this paper has considered in [6] a rational integral and identified
six fourth-order autonomous mappings with two integrals, which can also be derived from the
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similarity reductions of discrete–discrete modified Korteweg de Vries and sine Gordon lattice
equations. They have adopted the following strategy. First they have determined that under
what parametric conditions the rational integral is cyclic, reversible and symplectic with a
specific symplectic matrix. The second integral of the identified mappings has been derived
from the reductions of the discrete–discrete modified Korteweg de Vries and sine-Gordon
lattice equations. The purpose of this paper is to explain how to construct two or more
integrals directly for fourth-order difference equations leading to integrable four-dimensional
analogs of the two-dimensional QRT mappings [5, 6, 13, 24, 25].

It is appropriate to mention here that there exists no unique definition of integrability
for nonlinear difference equations like for nonlinear differential equations. However, to
investigate the integrability nature of nonlinear ordinary and partial difference equations there
exist working definitions in the literature. We recall the following to understand the working
definitions.

Consider an autonomous Nth-order ordinary difference equation

wn+N = F(wn,wn+1, . . . , wn+N−1), wn+N = w(n + N), (1.1)

which can be rewritten as a system of first-order O�Es

�wi+1 = �G (1.2)

where �G = (F1, F2, . . . , FN = F) and Fi’s are functions of (wn,wn+1, . . . , wn+N−1).

Integral
An integral (also referred to as conserved quantity) for the O�E (1.1) is a function
I (n) = I (wn, . . . , wn+N−1) that is not identically constant but is constant on all solutions
of the O�E. That is, I (n) is an integral for the O�E (1.1) if I (wn, . . . , wn+N−1) =
I (wn+1, . . . , wn+N) holds.
Measure preserving map
A mapping L : (w1, . . . , wn) → (w̃1, . . . , w̃n) is said to be measure
preserving with density m(w1, . . . , wn) if the Jacobian determinant J (w1, . . . , wn) =
det dL(w1, . . . , wn) = ±m(w1, . . . , wn)/m(w̃1, . . . , w̃n).

Symplectic map
A mapping say L : R2N → R2N is said to be symplectic, if there exists an anti-symmetric
(2N × 2N) matrix �(n) satisfying the following conditions.

(i) J (n)�(n)J (n)T = �(n + 1)

where J (n) is the Jacobian of the mapping L.
(ii) �(n) has maximal rank.

(iii) Jacobi identity.

We focus our attention on the following working definition.
A 2N th-order O�E (1.1) is said to be completely integrable in the sense of Liouville

[29]

(i) if it is symplectic,
(ii) if there exist N functionally independent integrals I1(n), . . . , IN(n), which are mutually

in involution with respect to the symplectic structure, that is, {Im, Ir} = 0 for each pair
(m, r),m, r = 1, . . . , N , where

{Im, Ir} =
∑
i,j

∂Im

∂wi

�i,j

∂Ir

∂wj

. (1.3)
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The plan of the paper is as follows. In section 2 we explain how to construct four-
dimensional QRT mappings with one or two rational integrals. In section 3, we discuss
the question of integrability of the obtained four-dimensional mappings and summarize our
results.

2. Construction of the rational integral for a fourth-order autonomous OΔE

Consider an autonomous fourth-order O�E having the form

wn+4 = F(wn,wn+1, wn+2, wn+3) or w4 = F(w0, w1, w2, w3). (2.1)

Hereafter we denote wn = w0, wn+1 = w1, . . . , wn+N−1 = wN−1 unless otherwise
specified. We look for a rational integral for (2.1) with the form

I (w0, w1, w2, w3) = P(w0, w1, w2, w3)

Q(w0, w1, w2, w3)

=
∑3

j=1

[
A1j (w1, w2)w

2
3 + A2j (w1, w2)w3 + A3j (w1, w2)

]
w

3−j

0∑3
j=1

[
a1j (w1, w2)w

2
3 + a2j (w1, w2)w3 + a3j (w1, w2)

]
w

3−j

0

, (2.2)

where Aij (w1, w2) and aij (w1, w2) are arbitrary unknown functions. We wish to mention that
the case when a1j = 0, a3j = 0, a21 = 0, a23 = 0, a22 = w1w2 has been considered in [24]
and the case when a1j = 0, a2j = 0, a31 = 0, a32 = 0, a33 = 1 in [25].

The integral condition I (wn,wn+1, wn+2, wn+3) = I (wn+1, wn+2, wn+3, wn+4) leads to the
quadratic equation in w4 as⎡
⎣

⎛
⎝ 3∑

j=1

A1j (w2, w3)w
3−j

1

⎞
⎠ Q(w0, w1, w2, w3)

−
⎛
⎝ 3∑

j=1

a1j (w2, w3)w
3−j

1

⎞
⎠ P(w0, w1, w2, w3)

⎤
⎦ w2

4

+

⎡
⎣

⎛
⎝ 3∑

j=1

A2j (w2, w3)w
3−j

1

⎞
⎠ Q(w0, w1, w2, w3)

−
⎛
⎝ 3∑

j=1

a2j (w2, w3)w
3−j

1

⎞
⎠ P(w0, w1, w2, w3)

⎤
⎦ w4

+

⎡
⎣

⎛
⎝ 3∑

j=1

A3j (w2, w3)w
3−j

1

⎞
⎠ Q(w0, w1, w2, w3)

−
⎛
⎝ 3∑

j=1

a3j (w2, w3)w
3−j

1

⎞
⎠ P(w0, w1, w2, w3)

⎤
⎦ = 0. (2.3)

Note that the above equation can be solved for w4 in different ways. For example, if
A1i (w1, w2) = a1i (w1, w2) = 0, i = 1, 2, 3, and Aj1(w1, w2) = aj1(w1, w2) = 0, j = 2, 3,
then we obtain the following O�E:

w4 = F1 − w0F2

F3 − w0F4
(2.4)
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where each Fi is a function of w1, w2, w3. Equation (2.4) can be viewed as a four-dimensional
QRT mapping possessing one integral

I (w0, w1, w2, w3) = [A22(w1, w2)w3 + A32(w1, w2)] w0 + A23(w1, w2)w3 + A33(w1, w2)

[a22(w1, w2)w3 + a32(w1, w2)] w0 + a23(w1, w2)w3 + a33(w1, w2)
,

(2.5)

where A2j (w1, w2), A3j (w1, w2), a2j (w1, w2) and a3j (w1, w2), j = 2, 3, are the arbitrary
functions.

Here,

F1 =
⎛
⎝ 3∑

j=2

a3j (w2, w3)w
3−j

1

⎞
⎠

⎛
⎝ 3∑

j=2

Aj3(w1, w2)w
3−j

3

⎞
⎠

−
⎛
⎝ 3∑

j=2

A3j (w2, w3)w
3−j

1

⎞
⎠

⎛
⎝ 3∑

j=2

aj3(w1, w2)w
3−j

3

⎞
⎠ ,

F2 =
⎛
⎝ 3∑

j=2

aj2(w1, w2)w
3−j

3

⎞
⎠

⎛
⎝ 3∑

j=2

A3j (w2, w3)w
3−j

1

⎞
⎠

−
⎛
⎝ 3∑

j=2

Aj2(w1, w2)w
3−j

3

⎞
⎠

⎛
⎝ 3∑

j=2

a3j (w2, w3)w
3−j

1

⎞
⎠ ,

F3 =
⎛
⎝ 3∑

j=2

aj3(w1, w2)w
3−j

3

⎞
⎠

⎛
⎝ 3∑

j=2

A2j (w2, w3)w
3−j

1

⎞
⎠

−
⎛
⎝ 3∑

j=2

Aj3(w1, w2)w
3−j

3

⎞
⎠

⎛
⎝3−j∑

j=2

a2j (w2, w3)w
3−j

1

⎞
⎠ ,

F4 =
⎛
⎝ 3∑

j=2

a2j (w2, w3)w
3−j

1

⎞
⎠

⎛
⎝ 3∑

j=2

Aj2(w1, w2)w
3−j

3

⎞
⎠

−
⎛
⎝ 3∑

j=2

A2j (w2, w3)w
3−j

1

⎞
⎠

⎛
⎝ 3∑

j=2

aj2(w1, w2)w
3−j

3

⎞
⎠ .

The integral condition equation (2.3) can also be solved for w4 at least in two more distinct
ways through factorization. For clarity we discuss them separately as cases 1 and 2.

Case 1. Equation (2.3) can be factored into(
w4 − w0

[
A31(w2, w3)w

2
1 + A32(w2, w3)w1 + A33(w2, w3)

A13(w1, w2)w
2
3 + A23(w1, w2)w3 + A33(w1, w2)

]) (
w4 −

[
f1 − w0f2

f2 − w0f3

]

×
[
A11(w1, w2)w

2
3 + A21(w1, w2)w3 + A31(w1, w2)

A11(w2, w3)w
2
1 + A12(w2, w3)w1 + A13(w2, w3)

])
= 0 (2.6)

provided the following conditions are satisfied:

3∑
i=1

A2i (w2, w3)w
3−i
1 =

3∑
j=1

Aj2(w1, w2)w
3−j

3 , (2.7)
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3∑
i=1

a2i (w2, w3)w
3−i
1 =

3∑
j=1

aj2(w1, w2)w
3−j

3 (2.8)

[
A11(w1, w2)w

2
3 + A21(w1, w2)w3 + A31(w1, w2)

]
[
A11(w2, w3)w

2
1 + A12(w2, w3)w1 + A13(w2, w3)

]
=

[
A31(w2, w3)w

2
1 + A32(w2, w3)w1 + A33(w2, w3)

]
[
A13(w1, w2)w

2
3 + A23(w1, w2)w3 + A33(w1, w2)

]
=

[
a31(w2, w3)w

2
1 + a32(w2, w3)w1 + a33(w2, w3)

]
[
a13(w1, w2)w

2
3 + a23(w1, w2)w3 + a33(w1, w2)

]
=

[
a11(w1, w2)w

2
3 + a21(w1, w2)w3 + a31(w1, w2)

]
[
a11(w2, w3)w

2
1 + a12(w2, w3)w1 + a13(w2, w3)

] , (2.9)

where
f1 = f1(w1, w2, w3) = A2(w1, w2, w3)a3(w1, w2, w3) − a2(w1, w2, w3)A3(w1, w2, w3),

f2 = f2(w1, w2, w3) = A3(w1, w2, w3)a1(w1, w2, w3) − a3(w1, w2, w3)A1(w1, w2, w3),

f3 = f3(w1, w2, w3) = A1(w1, w2, w3)a2(w1, w2, w3) − a1(w1, w2, w3)A2(w1, w2, w3),

Ai(w1, w2, w3) = ∑3
j=1 Aji(w1, w2)w

3−j

3 ,

ai(w1, w2, w3) = ∑3
j=1 aji(w1, w2)w

3−j

3 ,

}
i = 1, 2, 3.

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(2.10)

Now (2.6) can be rewritten as

w4 = w0

[
A31(w2, w3)w

2
1 + A32(w2, w3)w1 + A33(w2, w3)

A13(w1, w2)w
2
3 + A23(w1, w2)w3 + A33(w1, w2)

]
, (2.11)

w4 =
[
f1 − w0f2

f2 − w0f3

] [
A11(w1, w2)w

2
3 + A21(w1, w2)w3 + A31(w1, w2)

A11(w2, w3)w
2
1 + A12(w2, w3)w1 + A13(w2, w3)

]
. (2.12)

Let us assume that
A11(w1, w2)w

2
3 + A21(w1, w2)w3 + A31(w1, w2)

A11(w2, w3)w
2
1 + A12(w2, w3)w1 + A13(w2, w3)

= 1 (2.13)

and so (2.12) reduces into a QRT-type mapping in four dimensions

w4 =
[
f1 − f2w0

f2 − f3w0

]
(2.14)

with 48 parameters admitting one integral (2.2) which is also cyclic invariant. Here

A11(w1, w2) = (
α1w

2
1 + α2w1 + α3

)
w2

2 +
(
α2w

2
1 + α4w1 + α5

)
w2 + α3w

2
1 + α6w1 + α7

A21(w1, w2) = (
α2w

2
1 + α8w1 + α9

)
w2

2 +
(
α4w

2
1 + α10w1 + α11

)
w2 + α5w

2
1 + α12w1 + α13

A31(w1, w2) = (
α3w

2
1 + α9w1 + α14

)
w2

2 +
(
α6w

2
1 + α15w1 + α16

)
w2 + α7w

2
1 + α17w1 + α18

A12(w1, w2) = (
α2w

2
1 + α4w1 + α6

)
w2

2 +
(
α8w

2
1 + α10w1 + α12

)
w2 + α9w

2
1 + α15w1 + α17

A22(w1, w2) = (
α4w

2
1 + α10w1 + α15

)
w2

2 +
(
α10w

2
1 + α19w1 + α20

)
w2 + α11w

2
1 + α20w1 + α21

A32(w1, w2) = (
α5w

2
1 + α11w1 + α16

)
w2

2 +
(
α12w

2
1 + α20w1 + α22

)
w2 + α13w

2
1 + α21w1 + α23

A13(w1, w2) = (
α3w

2
1 + α5w1 + α7

)
w2

2 +
(
α9w

2
1 + α11w1 + α13

)
w2 + α14w

2
1 + α16w1 + α18

A23(w1, w2) = (
α6w

2
1 + α12w1 + α17

)
w2

2 +
(
α15w

2
1 + α20w1 + α21

)
w2 + α16w

2
1 + α22w1 + α23

A33(w1, w2) = (
α7w

2
1 + α13w1 + α18

)
w2

2 +
(
α17w

2
1 + α21w1 + α23

)
w2 + α18w

2
1 + α23w1 + α24.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(2.15)
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The aij (w1, w2) assumes the same form as Aij (w1, w2) replacing αi’s with βi’s in (2.15).
In order to construct a second integral for (2.14) we want to know under what conditions

on the parameters, the asymmetric form of QRT mapping (2.4), becomes a symmetric form
given in (2.14). As a consequence we obtain a set of two distinct QRT-type mappings with
three parameters. Also both the mappings are symplectic and admit two independent integrals.
The identified four-dimensional QRT-type mappings are as follows:

(i) w4 = f1 − f2w0

f2 + f1w0
, (2.16)

where

f1 = (w3w1 − 1)f11 + (w3 + w1)(f12 − f13 − f14),

f2 = (w1 + w3)f11 + (1 − w1w3)(f12 − f13 − f14),

f11 = γ1γ3
(
2w2 − w1 + w2

2w1 − w3 + w2
2w3 − 2w1w2w3

)
,

f12 = (
γ 2

1 + γ 2
2

)
(1 + w1w2)(1 + w2w3),

f13 = γ2γ3(w1 − w3)
(
1 + w2

2

)
,

f14 = γ 2
3 (w2 − w3)(w2 − w1).

The associated integrals I1(n), I2(n) read

I1(n) = γ1γ3(w3 − w0)τ1 + (1 + w0w3)
[(

γ 2
1 + γ 2

2

)
(1 + w1w2) + γ2γ3τ2 − γ 2

3 (w2 − w1)
]

γ1(1 + w1w2)(1 + w0w3) − (w0 − w3)[γ2(1 + w1w2) + γ3(w2 − w1)]
(2.17)

I2(n) = τ3
(
γ 2

1 + γ 2
2

)
+ τ4γ1γ3 + γ 2

3 τ6 + γ2(γ3τ5τ7 − τ8)(
γ 2

1 + γ 2
2

)
τ9 − τ6γ

2
3 − τ7τ5γ2γ3 − γ1(τ4γ3 + τ8)

, (2.18)

where

τ1 = w1w2 − w1 + w2 + 1,

τ2 = −w1w2 − w1 + w2 − 1,

τ3 = [(
w2

1 + 1 − w1w2 + w2
2

)
w2

0 − w2(1 + w1w2)w0 +
(
w2

1 + 1
)(

1 + w2
2

)]
w2

3

− (w0 + w2)(1 + w0w1)(1 + w1w2)w3 +
(
w2

1 + 1
)(

1 + w2
2

)
w2

0

−w1(1 + w1w2)w0 + w2
2 + w2

1 − w1w2 + w2
2w

2
1,

τ4 = [
(−w1w2 − 1)w2

0 +
(
w1 − w2

2w1 + 2w2w
2
1

)
w0 + w1w2 − w2

2

]
w2

3

+ (1 − w2w0)
((−2w1w2 − 1 + w2

1

)
w0 − w2 + w2w

2
1 + 2w1

)
w3

× (
w1w2 − w2

1

)
w2

0 +
(−w1 + 2w2 + w2

2w1
)
w0 − w2

2w
2
1 − w1w2,

τ5 = (−w1w0 − 1 + w2w0 − w2w1)w3 − w1 + w0w1w2 + w0 + w2,

τ6 = (w1 − w0)(w2 − w1)(w2 − w3)(w0 − w3),

τ7 = (w1 − w3)(w2 − w0),

τ8 = (
1 + w2

3

)(
1 + w2

2

)(
1 + w2

1

)(
1 + w2

0

)
,

τ9 = (1 + w2w3)(1 + w1w2)(1 + w0w3)(1 + w0w1)

and γ1, γ2 and γ3 are parameters. We mention here that the above four-dimensional mapping
(2.16) is a measure preserving one with measure[(

γ 2
1 + γ 2

2

)
τ9 − τ6γ

2
3 − τ7τ5γ2γ3 − γ1(τ4γ3 + τ8)

]−1
.

(ii) w4 = f1 − f2w0

f2 − f1w0
, (2.19)

6
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where

f1 = (γ1 − γ2)(w1 + w3)(w1 − w2)(w3 − w2) + γ3
[(

(−1 − w3)w
2
2 + 2w2

3w2 − w3 + 1
)
w2

1

+
((−1 − w2

3

)
w2

2 + 4w3w2 − 1 − w2
3

)
w1 +

(
w2

3 − w3
)
w2

2 + 2w2 − w2
3 − w3

]
,

f2 = (γ2 − γ1)(w2 − w3)(1 + w1w3)(w1 − w2) − γ3
[(

(1 + w3)w
2
2 − 2w3w2 − w3 + 1

)
w2

1

+
((

1 − w2
3 + 2w3

)
w2

2 − 2
(
1 + w2

3

)
w2 + 2w3 − 1 + w2

3

)
w1 +

(
w2

3 − w3
)
w2

2

− 2w3w2 + w2
3 + w3

]
.

The associated integrals I1(n), I2(n) read

I1(n) = γ4(w1 − w2)(1 + w0)(w3 − 1)

(w1 − w2) [γ1(w3 − w0) + γ2(w0w3 − 1)] − γ3(w0 − 1)(w3 + 1)(w2w1 − 1)
,

(2.20)

I2(n) = γ5τ1 + γ4γ3τ2 + γ4(γ2 − γ1)τ3

γ4(γ1 − γ2)τ3 − γ4γ3τ2 + γ6τ1
, (2.21)

where

τ1 = (
w2

0 − 1
)(

w2
3 − 1

)(
w2

2 − 1
)(

w2
1 − 1

)
,

τ3 = (w3 − w0)(w2 − w3)(w1 − w0)(w1 − w2),

τ2 = (
(w2 − 1)(1 + w1)w

2
3 +

(
w2

1 + w2 + w1w2(w1 − 2w2) − 1
)
w3

− (1 + w2)(w1 − 1)w1
)
w2

0 +
((

1 − w2
2 − 2w2w

2
1 + w1w

2
2 + w1

)
w2

3

+
(
w2

2 + w2
1 + 1 − 4w1w2 + w2

1w
2
2

)
w3 + w1w

2
2 + w2

1w
2
2 − w2

1 + w1 − 2w2
)
w0

+ w2(1 + w2)(w1 − 1)w2
3 +

(−w2
2w

2
1 + w2

2 + w2 + w2w
2
1 − 2w1

)
w3

−w1w2(w2 − 1)(1 + w1)

and γ1, γ2 and γ3 are parameters.
We would like to mention that the above four-dimensional mapping (2.19) is a measure

preserving one with measure

[γ4(γ1 − γ2)τ3 − γ4γ3τ2 + γ6τ1]−1.

The associated symplectic structures of the above four-dimensional mappings (2.16) and (2.19)
are given in the appendix.

We have identified another four-dimensional QRT-type map which is linearizable
(globally) and admits one integral. The mapping and the integral read

(iii) w4 = 2p(w1, w2, w3)q(w1, w2, w3) + [p(w1, w2, w3)
2 − q(w1, w2, w3)

2]w0

[q(w1, w2, w3)2 − p(w1, w2, w3)2] + 2p(w1, w2, w3)q(w1, w2, w3)w0

(2.22)

where

p(w1, w2, w3) = λw2
(
w2

2 − 3
)

+ 2(w1 + w3)(w1w3 − 1)
(
3w2

2 − 1
)
,

q(w1, w2, w3) = 2(w1 + w3)(w1w3 − 1)w2
(
w2

2 − 3
)

+ λ
(
1 − 3w2

2

)
,

λ = (w1w3 + w3 − 1 + w1)(−w3 − w1 + w1w3 − 1).

The explicit form of the integral is

I (n) = A(w3 − w0) + (w1 − w2)
(
3w2

1w
2
2 − w2

1 + 8w1w2 + 3 − w2
2

)
(1 + w0w3)

A(1 + w3w0) − (w1 − w2)
(
3w2

1w
2
2 − w2

1 + 8w1w2 + 3 − w2
2

)
(w3 − w0)

(2.23)
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A = (1 + w1w2)
(
1 − 3w2

1 + w2
1w

2
2 + 8w1w2 − 3w2

2

)
.

As mentioned above (2.22) can be transformed into a linear fourth-order O�E

θ(n + 4) − 4θ(n + 3) + 6θ(n + 2) − 4θ(n + 1) + θ(n) = pπ, θ(n) = arctan(w(n)),

(2.24)

and so the general solution of (2.22) is

w(n) = tan

(
kπ

24
n4 + c1n

3 + c2n
2 + c3n + c4

)
, k ∈ Z, (2.25)

where c1, c2, c3, c4 are arbitrary constants.
We would like to mention that the above four-dimensional mapping (2.22) is a measure

preserving one with measure (
1 + w2

1

)2(
1 + w2

2

)2[
A(1 + w3w0) − (w1 − w2)

(
3w2

1w
2
2 − w2

1 + 8w1w2 + 3 − w2
2

)
(w3 − w0)

]2 .

Case 2. Equation (2.3) can be factored into(
w4 − 1

w0

[
A13(w1, w2)w

2
3 + A23(w1, w2)w3 + A33(w1, w2)

A11(w2, w3)w
2
1 + A12(w2, w3)w1 + A13(w2, w3)

])(
w4 −

[
f2 − f3w0

f1 − f2w0

]

×
[
A31(w2, w3)w

2
1 + A32(w2, w3)w1 + A33(w2, w3)

A11(w1, w2)w
2
3 + A21(w1, w2)w3 + A31(w1, w2)

])
= 0, (2.26)

provided in addition to (2.7) and (2.8) the following conditions are satisfied:[
A11(w2, w3)w

2
1 + A12(w2, w3)w1 + A13(w2, w3)

]
[
A13(w1, w2)w

2
3 + A23(w1, w2)w3 + A33(w1, w2)

]
=

[
a11(w2, w3)w

2
1 + a12(w2, w3)w1 + a13(w2, w3)

]
[
a13(w1, w2)w

2
3 + a23(w1, w2)w3 + a33(w1, w2)

]
=

[
A11(w1, w2)w

2
3 + A21(w1, w2)w3 + A31(w1, w2)

]
[
A31(w2, w3)w

2
1 + A32(w2, w3)w1 + A33(w2, w3)

]
=

[
a11(w1, w2)w

2
3 + a21(w1, w2)w3 + a31(w1, w2)

]
[
a31(w2, w3)w

2
1 + a32(w2, w3)w1 + a33(w2, w3)

] , (2.27)

where fi(w1, w2, w3), i = 1, 2, 3, are as given in (2.10). Obviously (2.26) can be rewritten as

w4 = 1

w0

[
A13(w1, w2)w

2
3 + A23(w1, w2)w3 + A33(w1, w2)

A11(w2, w3)w
2
1 + A12(w2, w3)w1 + A13(w2, w3)

]
, (2.28)

w4 =
[
f2 − f3w0

f1 − f2w0

] [
A31(w2, w3)w

2
1 + A32(w2, w3)w1 + A33(w2, w3)

A11(w1, w2)w
2
3 + A21(w1, w2)w3 + A31(w1, w2)

]
. (2.29)

As in case 1 we assume that[
A31(w2, w3)w

2
1 + A32(w2, w3)w1 + A33(w2, w3)

A11(w1, w2)w
2
3 + A21(w1, w2)w3 + A31(w1, w2)

]
= 1, (2.30)
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and so from (2.29) we obtain a QRT-type mapping in four dimensions

w4 =
[
f2 − f3w0

f1 − f2w0

]
(2.31)

with 22 parameters admitting one integral (2.2) where

A11(w1, w2) = (
α1w

2
1 + α2w1 + α3

)
w2

2 +
(
α4w

2
1 + α5w1 + α6

)
w2 + α3w

2
1 + α6w1 + α3

A21(w1, w2) = (
α7w

2
1 + α8w1 + α6

)
w2

2 +
(
α9w

2
1 + α10w1 + α5

)
w2 + α2w

2
1 + α8w1 + α4

A31(w1, w2) = (
α1w

2
1 + α4w1 + α3

)
w2

2 +
(
α7w

2
1 + α9w1 + α2

)
w2 + α1w

2
1 + α7w1 + α1

A12(w1, w2) = (
α7w

2
1 + α9w1 + α4

)
w2

2 +
(
α8w

2
1 + α10w1 + α8

)
w2 + α6w

2
1 + α5w1 + α2

A22(w1, w2) = (
α9w

2
1 + α10w1 + α5

)
w2

2 +
(
α10w

2
1 + α11w1 + α10

)
w2 + α5w

2
1 + α10w1 + α9

A32(w1, w2) = (
α2w

2
1 + α5w1 + α6

)
w2

2 +
(
α8w

2
1 + α10w1 + α8

)
w2 + α4w

2
1 + α9w1 + α7

A13(w1, w2) = (
α1w

2
1 + α7w1 + α1

)
w2

2 +
(
α2w

2
1 + α9w1 + α7

)
w2 + α3w

2
1 + α4w1 + α1

A23(w1, w2) = (
α4w

2
1 + α8w1 + α2

)
w2

2 +
(
α5w

2
1 + α10w1 + α9

)
w2 + α6w

2
1 + α8w1 + α7

A33(w1, w2) = (
α3w

2
1 + α6w1 + α3

)
w2

2 +
(
α6w

2
1 + α5w1 + α4

)
w2 + α3w

2
1 + α2w1 + α1.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(2.32)

aij (w1, w2) assumes the same form as Aij (w1, w2) replacing αi’s with βi’s in (2.32).
Proceeding along the lines of case 1 we find a fourth-order QRT-type mapping admitting

two independent integrals. The explicit form of the mapping

w4 = f2 + f1w0

f1 − f2w0
(2.33)

f2 = α2
1(1 + w1w2)(1 + w2w3)(w3 − w1) + α1α2

(
1 + w2

2

)(
w2

3 − w2
1

)
f1 = α2

1(1 + w1w2)(1 + w2w3)(1 + w1w3) + α2
2(1 + w2

1)
(
1 + w2

2

)(
1 + w2

3

)
+ α1α2

(
w2

1w
2
2w3 + w2

2w
2
3w1 + 2w2

3w
2
1w2 + w2

2w3 + 2w2
3w2 + 2w2w

2
1 + w2

1w3

+ w2
3w1 + w2

2w1 + 2w2 + w1 + w3
)

and its integrals I1(n) and I2(n) are

I1(n) = P(n)

Q(n)
(2.34)

P(n) = α2α1(−1 + w0w3)(w1w2 + 1) + α2
2[(w3w1 + w2w3 + w1w2 − 1)w0

−w1 − w2 + w1w2w3 − w3]

Q(n) = α1(−1 + w0w3 − w3 − w0)(w1w2 + 1) + α2[((−1 + w1w2 + w1 + w2)w3 + w1w2

− 1 − w1 − w2)w0 + (w1w2 − 1 − w1 − w2)w3 − w1 − w2 − w1w2 + 1]

I2(n) = τ1α
2
1 + τ2α2α1 + τ3α

2
2 + τ4

−τ1α
2
1 − τ2α2α1 − τ3α

2
2 + τ4

(2.35)

τ1 = (w0 + w3)(w2w3 + 1)(w1w0 + 1)(w1w2 + 1)

τ2 = [(
w1w2 − w2

1 − w2
2 − 1

)
w2

3 +
(
w2 + 2w2

2w1 + 2w1 + w2w
2
1

)
w3 − w2(−w1 + w2)

]
w2

0

+
[(

2w2 + w2
2w1 + 2w2w

2
1 + w1

)
w2

3 +
(
w2

1 + 1
)(

1 + w2
2

)
w3 + 2w2 + w2

2w1

+ 2w2w
2
1 + w1

]
w0 + w1(−w1 + w2)w

2
3 +

(
w2 + 2w2

2w1 + 2w1 + w2w
2
1

)
w3

−w2
1 + w1w2 − w2

2w
2
1 − w2

2

9



J. Phys. A: Math. Theor. 43 (2010) 235203 C U Maheswari and R Sahadevan

τ3 = [
(w1 + w2)(1 + w1w2)w

2
3 +

(
w2

1 + 1
)(

1 + w2
2

)
w3 + (w1 + w2)(1 + w1w2)

]
w2

0

+
[(

w2
1 + 1

)(
1 + w2

2

)
w2

3 +
(
w2

1 + 1
)(

1 + w2
2

)]
w0 + (w1 + w2)(1 + w1w2)w

2
3

+
(
w2

1 + 1
)(

1 + w2
2

)
w3 + (w1 + w2)(1 + w1w2)

τ4 = (
1 + w2

0

)(
1 + w2

1

)(
1 + w2

2

)(
1 + w2

3

)
.

The above four-dimensional mapping (2.33) is a measure preserving one with measure[−τ1α
2
1 − τ2α2α1 − τ3α

2
2 + τ4

]−1
.

3. Summary

In this paper we identify four distinct cases, namely (2.16), (2.19), (2.22) and (2.33) of
four-dimensional analogs of two-dimensional QRT mapping which are measure preserving.
Furthermore the mappings given in (2.16) and (2.19) are symplectic and possess two
independent integrals which are in involution with respect to their symplectic structures and
hence they are integrable in the sense of Liouville. Next, the four-dimensional mapping (2.22)
admits one integral but is linearizable globally and hence it is integrable. Even though the
mapping given in (2.33) is measure preserving and admits two independent integrals, it lacks
the symplectic structure at the moment and hence it is not clear whether it is integrable or not.
The integrability of (2.33) can be established, hopefully, by other means. We wish to mention
that our search for four-dimensional analogs of two-dimensional integrable mappings is not
exhaustive.
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Appendix. Construction of symplectic structures for four-dimensional mappings

Consider an autonomous fourth-order O�E

wn+4 = F(wn,wn+1, wn+2, wn+3), (A.1)

which can be rewritten as a system of first-order O�Es

wi+1 = xi

xi+1 = yi

yi+1 = zi

zi+1 = wi+4 = F(wi,wi+1, wi+2, wi+3)

⎫⎪⎪⎬
⎪⎪⎭ . (A.2)

Given an N th (N � 2)-order mapping it is not clear what form of symplectic structure
one should look for. Let us assume that (A.2) admits a symplectic structure �(n) =
�(wn,wn+1, wn+2, wn+3) having the form

�(n) =

⎛
⎜⎜⎝

0 σ1(n) σ2(n) σ3(n)

−σ1(n) 0 σ4(n) σ5(n)

−σ2(n) −σ4(n) 0 σ6(n)

−σ3(n) −σ5(n) −σ6(n) 0

⎞
⎟⎟⎠ (A.3)
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which is obviously an anti-symmetric one. The mapping (A.2) is symplectic if it satisfies the
condition

J (n)�(n)J (n)T = �(n + 1), (A.4)

where J (n) is the Jacobian of the mapping (A.2) given by

J (n) =

⎛
⎜⎜⎝

0 1 0 0
0 0 1 0
0 0 0 1
∂F
∂wn

∂F
∂wn+1

∂F
∂wn+2

∂F
∂wn+3

⎞
⎟⎟⎠ . (A.5)

Equating the entries from LHS to RHS in the matrix equation (A.4) we obtain the following:

σ1(n + 1) = σ4(n)

σ2(n + 1) = σ5(n)

σ4(n + 1) = σ6(n)

σ3(n + 1) = −σ1(n) ∂F
∂wn

+ σ1(n + 1) ∂F
∂wn+2

+ σ2(n + 1) ∂F
∂wn+3

σ5(n + 1) = −σ2(n) ∂F
∂wn

− σ1(n + 1) ∂F
∂wn+1

+ σ4(n + 1) ∂F
∂wn+3

σ6(n + 1) = −σ3(n) ∂F
∂wn

− σ2(n + 1) ∂F
∂wn+1

− σ4(n + 1) ∂F
∂wn+3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (A.6)

Equation (A.6) cannot be solved in general. However, there exists a solution for (A.6) at least
for two of the five identified mappings given in (2.16) and (2.19). The explicit forms of �(n)

are given below.

Symplectic structure for O�E (2.16)

For the four-dimensional mapping given in (2.16), �(n) satisfying (A.6) is

�(n) =

⎛
⎜⎜⎜⎜⎝

0 0 σ2(n) σ3(n)

0 0 0 σ5(n)

−σ2(n) 0 0 0

−σ3(n) −σ5(n) 0 0

⎞
⎟⎟⎟⎟⎠

where

σ2(n) = k
(
1 + w2

n

)(
1 + w2

n+2

)
, σ5(n) = k

(
1 + w2

n+1

)(
1 + w2

n+3

)
σ3(n) = k

(
1 + w2

n

)(
1 + w2

n+3

) [
λ(n) + γ1γ3

(
1 + w2

n+1

)(
1 + w2

n+2

)]
λ(n)

λ(n) = (
γ 2

1 + γ 2
2

)
(1 + wn+1wn+2)

2 + 2γ2γ3(wn+2 − wn+1)(1 + wn+1wn+2) + γ 2
3 (wn+2 − wn+1)

2

where k is an arbitrary constant.

Symplectic structure for O�E (2.19)

For the four-dimensional mapping given in (2.19), �(n) satisfying (A.6) is given by

�(n) =

⎛
⎜⎜⎝

0 0 σ2(n) σ3(n)

0 0 0 σ5(n)

−σ2(n) 0 0 0
−σ3(n) −σ5(n) 0 0

⎞
⎟⎟⎠
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where

σ2(n) = k
(
w2

n − 1
)(

w2
n+2 − 1

)
, σ5(n) = k

(
w2

n+1 − 1
)(

w2
n+3 − 1

)
σ3(n) = k

λ3(n)
(
w2

n − 1
)(

w2
n+3 − 1

)
λ1(n)(wn+1 − wn+2)

λ1(n) = (γ2 − γ1)(wn+2 − wn+1) + 2γ3(wn+1wn+2 − 1)

λ3(n) = (γ1 − γ2)(wn+1 − wn+2)
2 + γ3

(
2(w2 − w1)(1 − w1w2) + w2

1w
2
2 − w2

1 − w2
2 + 1

)
where k is an arbitrary constant.
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